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Abstract 
This paper is concerned with the problem of robust 2l l∞−  filtering for a class of discrete-time linear uncertain 
systems with Markovian jumping parameters and mode-dependent time-delays. The uncertainties are assumed to be 
time-varying but norm-bounded. Attention is focused on the design a full-order Markovian jump linear filter that 
ensures stochastically stability and guarantees a prescribed energy-to-peak disturbance attenuation level for the 
resulting filtering error system, for all admissible uncertainties. The key features of the approach include the 
introduction of a new type of stochastic Lyapunov functional and some free weighting matrices. Sufficient conditions 
for the solvability of the problem are formulated in terms of linear matrix inequalities (LMIs). A numerical example 
is given to illustrate the effectiveness of the proposed techniques.   
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Harbin University 
of Science and Technology 
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1. Introduction 
Markovian jump linear systems (MJLs) have been   received great attention over the past decades. 
Convenient mathematical model to describe different types of dynamical systems subject to abrupt 
parameter variations can be described by MJLs, due to, for instance, random component failures, abrupt 
environment disturbance, changes of the operating point of a linearized model of a nonlinear system [1]. 
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The application of such systems can be found in manufacturing systems, power systems, economics 
systems and communication systems, etc. 
More recently, state estimation for jump linear systems have received great attention in the literature; 
for example, H∞ filters have been solved in [2], [3] and [4], while Kalman filters studied in [5] and [6]. 
Another important performance criterion, 2l l∞− ( 2L L∞−  for continuous-time system) filters design, also 
referred as energy-to-peak filters design, the aim of which is to minimize the 2l l∞−  norm from the 
external disturbance to the estimation error under the assumption that the external noise is energy-
bounded. However, to the best of our knowledge, very little effort has been made to study 2l l∞−  filtering 
for the discrete-time MJLs, with or without time-delay and parameter uncertainties. 
In this paper, an attempt will be made to study the problems of 2l l∞− filtering for uncertain discrete-
time MJLs with mode-dependent time-delays. The purpose of the problem is to design a filter, such that, 
the filtering error system is stochastically stable while achieving the prescribed 2l l∞− performance level, 
for all admissible uncertainties. Inspired by the Cao et.al.[7] and Hu’s recent work [8], a special equality 
involving the terms related to the state, the delayed state and the state difference weighted by three free 
matrices, which can bring much freedom in design, is introduced. By introducing a new type of Lyapunov 
functional and by using linear matrix inequality approach, new delay-dependent sufficient conditions are 
derived in terms of linear matrix inequalities. By solving the corresponding optimization problem, the 
desired filter is obtained and an optimal prescribed 2l l∞− disturbance attenuation level for the filtering 
error system is guaranteed. A numerical example is provided to demonstrate the effectiveness of the 
proposed method. 
Notation: The notation used throughout the paper is fairly standard. The superscript '' ''T stands for 
matrix transposition; n�  denotes the n-dimensional Euclidean space and the notation 0( 0)P > ≥  means 
that P is real symmetric and positive definite (semi-definite). In symmetric block matrices or complex 
matrix expressions, we use an asterisk (*) to represent a term that is induced by symmetry. diag{…} 
stands for a block-diagonal matrix. In addition, I and 0 denote identity matrix and zero matrix respectively, 
and { }E x  means expectation of x . Matrices, if their dimensions are not explicitly stated, are assumed to 
be compatible for algebraic operations. 
2. Problem for Mulation 
Considering the following discrete-time linear uncertain systems with Markovian jumping parameters 
and mode-dependent time-delays described by 
( 1) ( , ) ( ) ( , ) ( ( )) ( , ) ( )k d k k kx k A k r x k A k r x k d r B k r kω+ = + − +                           (1) 
( ) ( , ) ( ) ( , ) ( ( )) ( , ) ( )k d k k ky k C k r x k C k r x k d r D k r kω= + − +                             (2) 
( ) ( ) ( ) ( ) ( ( ))k d k kz k L r x k L r x k d r= + −                                                       (3) 
0( ) ( ),  [ ( ), ,0]x d rθ ϕ θ θ= ∀ ∈ − L                                                            (4) 
where ( ) nx k ∈� is the state vector, ( ) ly k ∈� is the measured output, ( ) mz k ∈� is the variables to be 
estimated, ( ) qkω ∈� is the disturbance input which belongs to 2[0, )l ∞ ; ( )ϕ θ is known initial 
condition.{ }kr is a time homogeneous Markov chain with finite state-space = {1,2, ,s}Φ L and transition 
probability matrix [ ]ijpΛ = , where 
1: Pr{ | }ij k kp r j r i+= = =                                                                       (5) 
with 0ijp ≥ for ,i j∈Φ , and 1 1
s
ijj
p= =∑ . 0r is the initial system mode. ( )kd r  is constant, denoting the 
time-delay of the system is in mode kr . To simplify the notation, ( , ), ( , )k kA k r B k r will be denoted 
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by ( ), ( )i iA k B k when kr i= , and the other matrices can be denoted the same way.  Matrices 
( )iA k , ( )diA k , ( )iC k , ( ),diC k ( )iB k , ( )iD k include time-varying  parameter uncertainties; that is 
( ) ( ), ( ) ( ), ( ) ( ), ( ) ( ),
( ) ( ), ( ) ( ).
i i i di di di i i i i i i
i i i di di di
A k A A k A k A A k B k B B k D k D D k
C k C C k C k C C k
= + Δ = + Δ = + Δ = + Δ
= + Δ = + Δ
where , , , , ,i di i i di iA A B C C D are known real constant matrices for any , ( ), ( ), ( ), ( ),i di i ii A k A k B k C k∈Φ Δ Δ Δ Δ
( )diC kΔ , ( )iD kΔ are real time-varying matrices representing parameter uncertainties. In this paper, the 
admissible uncertainties are assumed to be: 
[ ]1 1 2 3
2
( ) ( ) ( ) ( )( ) ( ) ( )
i di i i
i i i i
i di i i
A k A k B k M
k N N N
C k D k D k M
Δ Δ Δ⎡ ⎤ ⎡ ⎤= Δ⎢ ⎥ ⎢ ⎥Δ Δ Δ⎣ ⎦ ⎣ ⎦                                     (6) 
where 1 2 1 2 3, , , ,i i i i iM M N N N are known real constant matrices with appropriate dimensions; ( )i kΔ is
unknown time-varying matrix function, which satisfyies ( ) ( ) ,  ,Ti i kk k I r i iΔ Δ ≤ ∀ = ∈Φ .
Our objective in this paper is to design a Markovian jump linear filter in the form 
( 1) ( ) ( )f i f fix k A x k B y k+ = +                                                                                (7) 
( ) ( )f fi fz k C x k=                                                                                                (8) 
where  ˆ( ) nx k R∈ is the estimator state,  the matrices , ,i fdi fiA A C  are to be determined. 
Let
( )
( 1) , ( ) ( ) ( )
( ) ff
x t
x k e k z k z k
x t
⎡ ⎤+ = = −⎢ ⎥⎣ ⎦
% .we obtain the filtering error dynamic system: 
( 1) ( ( )) ( ) ( ( )) ( ( )) ( ( )) ( )i i di di k i ix k A A k x k A A k x k d r B B k kω+ = + Δ + + Δ − + + Δ% % % % % %% % %                     (9) 
( ) ( ) ( ( ))i di ke k L x k L x k d r= + −% %% %                                                                         (10) 
where 
[ ]
[ ] [ ]
1
1
2
1 1 2 2 3 3 1 1 1 2 1 3
0 0
, , , , 0 , ,
0 , 0 , , ( ) , ( ) , ( )
i di i i
i di i i i fi di di i
fi i fi fi di di fi i fi i
i i i i i i i i i i di i i i i i i i
A A B M
A A B L L C L L M
B C A B C A B D B M
N N N N N N A M k N A M k N B M k N
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤= = = = − = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
= = = Δ = Δ Δ = Δ Δ = Δ
% % % % % %
% %% % % % % % % % % %
        (11) 
Our purpose is to design filters of form (7)-(8) for system (1)-(4), which guarantee: a) the filtering error 
system (9)-(10) is robust stochastically stable when ( ) 0kω = ; b) the 2l l∞−  gain of the filtering error 
system (9)-(10) is below a prescribed constant γ , i.e., under zero initial conditions 
2 2 2
2|| ( ) || || ( ) ||Ee k kγ ω∞<  , 2( ) [0, )k lω∀ ∈ ∞                                                          (12) 
where 22
0
|| || ( ) ( )T
k
k kω ω ω
∞
=
= ∑ , 2|| || [sup{ ( ) ( )}]TE
k
e E e k e k∞ = . Filters satisfying the above two conditions are 
called 2l l∞−  filters. Throughout the paper we shall use the following concept of stochastic stability. 
Definition 1 For any initial condition 0 0( , )x r ，the uncertain system of (1) with 0kω =  is said to be robust 
stochastically stable if the following is satisfied 
0 0
0
[ ( ) ( ) | ( , )]T
k
E x k x k x r
∞
=
< ∞∑                                                                                (13) 
Lemma 1 (Wang et al. [9]) For any vectors , nx y∈� , matrices , ,f f f fn n n n n nD E F× × ×∈ ∈ ∈� � �  with 
|| || 1E ≤  and scalar 0ε > , we have: 1) 1T T T T TDFE E F D DD E Eε ε−+ ≤ + ;
2)  if 0TI D PDε − > , 1( ) ( ) ( )T T T T T TA DFE P A DFE A PA A PD I D PD D PA E Eε ε−+ + ≤ + − + .
Remark 1 2) can be directly obtained from the following equalities in [9]. 
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1( ) ( ) ( )T T T T T TA DFE P A DFE APA APE I EPE EPA DDε ε−+ + ≤ + − +
Lemma 2 (Moon et al. [10])  Assume that anα ∈ � , bnβ ∈ �  an a bn nN ×∈ � .Then, for any 
matrices ,a a a bn n n nX Y× ×∈ ∈� �  and b bn nZ ×∈�  , the following inequality: 
, ,
2 inf
T
T
T TX Y Z
X Y N
N
Y N Z
α αα β β β
−⎡ ⎤ ⎡ ⎤ ⎡ ⎤− ≤ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦
 holds, where 0T
X Y
Y Z
⎡ ⎤ ≥⎢ ⎥⎣ ⎦
.
3. 2l l∞− Filtering Analysis 
In this section, an LMI approach will be developed to solve the robust 2l l∞− filtering problem 
formulated in the previously section. First, we give statistically stable and 2l l∞−  performance analysis 
result for the system (1)-(4), which will be used in the derivation of our main results. 
For convenience of analysis, we introduce the following notations: 
min{ ( ), }, max{ ( ), }, min{ , }, 1 (1 )( ).iid d i i S d d i i S p p i S p d dρ= ∈ = ∈ = ∈ = + − −
Theorem 1 For a given scalar 0γ > , the uncertain Markovian jump linear system (1)-(4) is said to be 
robustly stochastically stable and satisfies 2|| || || ||Ez γ ω∞< under zero initial conditions for any nonzero 
2( ) [0, )k lω ∈ ∞ if there exist positive matrices 1 1 1, , , , , , ,i i i iP Q R U V R U V ,
matrices [ ]2 2 2 1 2 3, , ,i i i i i i iR U V T T T T= , positive scalars 1 2,i iε ε , such that the following linear matrix 
inequalities hold for 1, ,i s= L
1 2 3 4 2 5 6 1 1 1
7 8 2 2 3 9 2 1 1
10 3 3 3 3 1
11 1
2
1 1 1
*
* * 0 0
* * * 0
* * * * 0
* * * * *
T T T
i i i i i i i i i i i i
T T T T T
i i i i di i i i i di i i
T T T
i i i i i i i
T
i i i i
i
T
i i i i
V T M A PM
V T A T T M A PM
T T T B T M
I B PM
I
I M PM
ε
ε
⎡ ⎤ϒ + ϒ ϒ + ϒ + ϒ ϒ
⎢ ⎥ϒ + ϒ − − + ϒ⎢ ⎥ϒ − −⎢ ⎥ <⎢ ⎥− + ϒ
⎢ ⎥−⎢ ⎥− +⎣ ⎦
             (14) 
2
0
* 0
* *
T
i i
T
di
P L
Q L
Iγ
⎡ ⎤−
⎢ ⎥− <⎢ ⎥
⎢ ⎥−⎣ ⎦
                                                  (15) 
1 2
2
0i iT
i
R R
R R
⎡ ⎤ ≥⎢ ⎥⎣ ⎦                                                           (16) 
1 2
2
0i iT
i
U U
U U
⎡ ⎤ ≥⎢ ⎥⎣ ⎦                                                            (17) 
1 2
2
0i iT
i
V V
V V
⎡ ⎤ ≥⎢ ⎥⎣ ⎦                                                           (18) 
Where 1 1 2 2 2 1 1 1 2 1 1, ( ) ( ) ( ) ,
T T T T T
i i i i i i i i i i i i i i i i iP Q dR R R A P A T A I A I T N Nρ ε εϒ = − + + + + ϒ = + − + − + +
3 2 2 4 1 2 1 2 1 2 5 1 3, ( ) ( ) , ( ) ,
T T T T T T T
i i i i i i di i di i i i i i i i i i iR U A P A T A A I T N N T A I Tε εϒ = − + ϒ = + + − + + ϒ = − + −
6 1 2 1 3 1 7 1 2 2
8 2 2 1 2 2 2 9 1 2 2 3 2
10 1 11 1 2 3 3
( ) , ,
( ) , ( ) ,
( ), ( ) .
T T T T
i i i i i i i i i i i i i i
T T T T T T T
i i di di i di i di i i i i i i i i i i i i i i
T T
i i i i i i i i i i
N N T B A PB dU Q U U
T A A T A P A N N N N T B A PB
d V R U V N N B PB
ε ε
ε ε ε ε
ε ε
ϒ = + + + ϒ = − − −
ϒ = + + + + ϒ = + + +
ϒ = + + + ϒ = + +
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Now, we are in the position to give a solution to the robust 2l l∞− filtering problem for uncertain 
Markovian jump linear system (1)-(4). In another words, the filtering error system (10)-(11) should 
satisfy the requirements R1 and R2. Based on the Theorem 1, we present the main results of this note. 
Theorem 2 Consider the system (1)-(4). A filter of the form (7)-(8) that solves the robust 2l l∞− filtering 
problem exists if for some scalar iμ , if there exist positive matrices 1 2 1 2 1 1 1, , , , , , , , , ,i i i i i i iP P Q Q Q R U V R U V ,
matrices ,fi fiA B , 2iR , [ ]2 2, ,i i i i i i i i iU V T X X Xμ μ μ= , positive scalars 1 2,i iε ε such that linear matrix 
inequalities (16)–(18) and the following linear matrix inequalities hold for 1, ,i s= L
1 2 3 4 4 1
5 6 7 4 2
8 3 4
9 3
2
1 4
0
* 0
* * 0 0
0* * * 0 0
* * * * 0 0
* * * * *
* * * * * *
T
i i i i i i i
T
i i i i i i
i i i i i
T
i i
i
T
i i
i
J J J J X X
J J J X X
J X X
J X
I
I X
X
μ
μ
μ μ
ε
ε
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥ <⎢ ⎥
⎢ ⎥−⎢ ⎥−⎢ ⎥−⎣ ⎦
                                           (19) 
        
1
2
2
0
0
0
* 0
* *
i T
i
i
T
di
P
L
P
Q L
Iγ
⎡ ⎤⎡ ⎤−⎢ ⎥⎢ ⎥⎣ ⎦⎢ ⎥
⎢ ⎥− <⎢ ⎥−⎢ ⎥
⎢ ⎥⎣ ⎦
%
%                                                   (20) 
1 1
1
,
s
ij j i
j
P Qπ
=
<∑                                                                 (21) 
2 2
1
,
s
ij j i
j
P Qπ
=
<∑                                                                (22) 
where 
1 1 11 1 1
1 2 3 4
2 2 1
1
1 1 2 2 1 2 1 1 1 1
2
2 2
0 00 , , , , ,00
0( ) ( ) ( ) ,
0
i i i di i ii i i
i i i i i
fi di fi ii i ifi i fi
T T Ti
i i i i i i i i i i i i i i
i
i i
Q A Q A Q BQ Q M
X X X X XB C B DQ Q MB C A
P
J Q dR R R N N X X X X
P
J R U
ρ ε ε μ μ
⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎡ ⎤ ⎡ ⎤= = = = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦⎣ ⎦
⎡ ⎤= + + + + + − + − + −⎢ ⎥⎣ ⎦
= − +
% %
2 1 2 1 2 2 1 3 2 1( ) ( ) , ( )
T T T T T
i i i i i i i i i i i i i i i i iN N X X X J V X X Xε ε μ μ μ μ+ + + + − = − + −% %
4 1 2 1 3 3 5 1 2 2 1 2 2 2 2 2( ) , ( ) ,
T T T T
i i i i i i i i i i i i i i i i i i iJ N N X J dU Q U U N N X Xε ε μ ε ε μ μ= + + = − − − + + + +% % % %
6 2 2 7 1 2 2 3 3 8 1
9 1 2 3 3
, ( ) , ( ) ,
( ) ,
T T T T
i i i i i i i i i i i i i i i i i i i
T
i i i i i
J V X X J N N X J d V R U V X X
J I N N
μ μ ε ε μ μ μ
ε ε
= − − + = + + = + + + − −
= − + +
% %
% %
and 1 2 3, , , ,i di i i iL L N N N% % % % %  are defined in (12). 
Furthermore, a suitable 2l l∞− filter for the system (1)-(4) is given in the form of (7)-(8) with the filter 
gain: 
1 1
2 2, ,fi i fi fi i fi fi fiA Q A B Q B C C
− −= = = .
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4. Numetical Example 
The system is supposed to have two modes and described by (1) with the following parameters: 
1 2
0.3 0.5 0.5 0.1
, ,
0.1 0.3 0.1 0.5
A A
− − −⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ 1 2
0.02 0.005 0.02 0.02
, ,
0 0.01 0 0.02d d
A A
− −⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦
[ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ]
[ ] [ ] [ ]
[ ]
1 2 1 2 1
2 1 2 1 2 1
2 11 12 21 22
11 12 21 22 31 32
0 0.1 , 0 0.1 , 0.01 0.01 , 0.01 0.01 , 0.02 0.01 ,
0.01 0.01 , 0.02, 0.01, 0.1 1 , 1 0.1 , 0.1 1 ,
0.2 0.01 , =0.005 , =0.01 , 0.02 0.01 , 0.01 0.01
, 0.1 1
T T
d
d d
d
T
B B C C C
C D D L L L
L M I M I M M
N N N N I N N
= = = = =
= = = = = =
= = =
= = = = = =
with the transition probability
0.6 0.4
0.2 0.8
⎡ ⎤Λ = ⎢ ⎥⎣ ⎦
. Time delays in the state are 1 2d = , 2 5d =  respectively. By 
choosing 1 2 0.1μ μ= = and resorting to the Matlab LMI control Toolbox and solving the LMI (15)-(17) 
and (33)-(36), when 1γ = , we obtain a feasible filter  
[ ] [ ]
1 2 1 2
1 2
-0.0751 0.0405 -0.0931 -0.0079 0.2301 0.2301 = , , , ,0.0098 -0.0257 -0.0076 -0.0040 1.0331 1.4334
1.0102 0.5045 , 0.9085 1.8065  
f f f f
f f
A A B B
C C
⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦
= =
5. Conclusion
In this paper, we have studied robust 2l l∞− filtering problem for the uncertain discrete-time Markovian 
jump linear systems by introducing a new type of suitable stochastic Lyapunov functional. A special 
equality involving three free matrices was introduced and then applied in the derivation of the difference 
of the Lyapunov functional. An LMI approach is developed to the design of the filters which ensure 
robust stochastic stability and a prescribed 2l l∞− performance level of the filtering error system for all 
admissible uncertainties. A numerical example has shown the effectiveness of the proposed methods. 
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